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We investigate, in the framework of a recently introduced new class of invariant geometrical
scalar-tensor theory of gravity, the possibility that a viscous dark fluid can be described in a unified
manner by a single scalar field. Thus we developed a model in which both the metric tensor and
the scalar field have geometrical origin. The scalar field is characterized by a non-canonical kinetic
term and the scalar viscosity of the dark fluid appears as soon the kinetic energy of the scalar
field is no longer canonical. The scalar viscosity is considered as a function of the Hubble and the
deceleration parameters. To illustrate the formalism we have considered two cases: a constant and a
thermodynamic equation of state parameters. In the both cases we obtain analytic representations
for the scalar field and their respective potentials. We delimit free parameters by comparing with
some Planck 2018 results.
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I. INTRODUCTION
An explanation for the acceleration in the cosmic
expansin continues being a challenge in modern cosmol-
ogy [1]. Such acceleration has been corroborated by Ia
Supernovae data [2, 3], baryonic acoustic oscillations
(BAO) [4] and Cosmic Microwave Background (CMB)
anisotropies [5–7]. In the quest for an explanation
of the origin of such acceleration the main proposals
are divided in modified theories of gravity and dark
energy models [8, 9] . In the second branch we can
find models in which he dark energy is considered as
a fluid with viscosity where thermodynamic effects are
also important [1, 10–18]. Dark energy models treated
as imperfect fluids can be considered more realistic [19].
In fact, one characteristic of dark energy models with
perfect fluids is that as the dark energy component
has negative pressure, the matter component has null
pressure and the radiation pressure is ρr/3, the total
pressure is negative and in this sense the material con-
tent of the universe violate the strong energy condition
[20]. In addition, some observational data suggest that
the dark energy equation of state could be time varying,
and thus a perfect fluid prescription can suffer of some
thermodynamic problems linked to the positiveness of
the entropy and temperature [20–22]. Viscous dark
energy models can avoid that kind of problems.
However, parallel to dark energy models, modified
theories of gravity have been a recourse to explain the
present cosmological scenario of accelerating expansion,
as for example, scalar-tensor theories of gravity [23, 24],
f(R) theories [25, 26] and theories with extra dimensions
[27, 28], among others. Recently a new approach of
scalar-tensor theories of gravity has been proposed. This
new approach is known as geometrical scalar-tensor
theories of gravity [29, 30]. One of the main motivations
for these theories is to avoid the controversy on which of
the Einstein or Jordan frames is the physical one. The
controversy is related to the fact that the way of passing
from one frame to the other changes the background
geometry and makes that geodesic obervers in one frame
are not in the other. In that approach the symmetries
of the action and of the background geometry i.e. the
compatibility condition, are the same, and thus the
scalar field becomes part of the affine structure of the
space-time manifold. In this sense, both the metric and
the scalar field are geometric in nature and hence the
controversy can be alleviated [29–31]. In geometrical
scalar-tensor theories the background geometry is not
fixed apriori instead it is determined by the Palatini’s
principle [29, 30]. Different applications of these theories
have been done. For example, inflationary cosmology
[32, 33], quintessence, cosmic magnetic fields, and some
cosmological models have been studied topics of these
theories [34–36].
2In this letter our interest is to derive a viscous dark
fluid cosmological model in the setting of geometrical
scalar-tensor theories of gravity, which can be de-
scribed in a unified manner by a single scalar field of
geometrical origin. In this derivation we will assume
that both dark sectors: dark matter and dark energy
can interact each other. In section I we give a brief
introduction. Section II is devoted to the formalism
of geometrical scalar-tensor theories. In section III
we obtain the field equations when matter sources
are present. In section IV we develope a viscous dark
fluid model. We left section V to give some final remarks.
II. THE FORMALISM OF GEOMETRICAL
SCALAR-TENSOR GRAVITY
We consider a scalar-tensor theory of gravity in vac-
uum given by the action
S =
1
16π
∫
d4x
√−g
{
ΦR+ ω˜(Φ)
Φ
gµνΦ,µΦ,ν − V˜ (Φ)
}
,
(1)
where R denotes the Ricci scalar, ω˜(Φ) is a function of
the scalar field Φ and V˜ (Φ) is a scalar potential. By
means of the field transformation ϕ = − ln(GΦ), the ac-
tion (1) can be rewritten as [32]
S =
∫
d4x
√−g
{
e−ϕ
[ R
16πG
+
1
2
ω(ϕ)gµνϕ,µϕ,ν
]
− V (ϕ)
}
,
(2)
with the identifications (1/2)ω(ϕ) = (16πG)−1ω˜[ϕ(Φ)]
and V (ϕ) = (16π)−1V˜ (ϕ(Φ)). Varying the action (2)
with respect to the affine connection following a Palatini
variational principle, it yields [29]
∇µgαβ = ϕ,µgαβ . (3)
This compatibility condition indicates that the back-
ground geometry corresponding to the action (2) is the
Weyl-integrable one. Thus to distinguish this covariant
derivative from the Riemannian one, we will denote it as
(w)∇. Applying, at the same time, the transformations
g¯αβ = e
fgαβ (4)
ϕ¯ = ϕ+ f, (5)
where f = f(xα) is a well defined function of the space-
time coordinates, the condition (3) results to be invari-
ant. As the Weyl-Integrable geometry is the background
geometry, then the action (2) must be invariant under
(4) and (5). However, it is not difficult to verify that (2)
is not. Thus, we introduce the invariant action
S =
∫
d
4
x
√−g e−ϕ
[ R
16piG
+
1
2
ω(ϕ)gαβϕ:αϕ:β−
V (ϕ)e−ϕ − 1
4
HαβH
αβ
e
−ϕ
]
, (6)
where we have introduce the gauge covariant derivative
ϕ:µ = (
(w)∇µ + γBµ)ϕ, with Bµ being a gauge vector
field and γ is a purely imaginary coupling constant. The
Hαβ =Wβ,α −Wα,β is denoting the field strength of the
gauge boson field Wµ = ϕBµ. The invariance under (4)
and (5) of (6) requires the following transformation rules
to hold
ϕ¯B¯µ = ϕBµ − γ−1f,µ, (7)
ω¯(ϕ¯) = ω(ϕ¯− f) = ω(ϕ), (8)
V¯ (ϕ) = V (ϕ¯− f) = V (ϕ). (9)
On the other hand, all the previous equations have been
formulated on the Weyl frame. We mean by Weyl frame
the set (M, g, ϕ,Bα), where the background geometry
is the corresponding to (3). Thus, the transformations
(4) and (5) allow to pass from one frame to another,
both Weylian. However, in the particular frame where
f = −ϕ, we can write the condition (3) as ∇λhαβ = 0,
which clearly corresponds to a Riemannian geometry
with respect to the effective metric hµν ≡ g¯µν = e−ϕgµν .
This particular frame is known as the Riemann frame
and is denoted by (M, g¯, ϕ¯ = 0, B¯α) = (M,h,Aα). We
use this terminology to differenciate it from the tradi-
tional Jordan and Einstein frames in usual scalar-tensor
theories, given that in the former geodesics are not
invariant under conformal transformations, while in
geometrical scalar-tensor theories geodesics are Weyl
invariant [32].
In the Weyl frame both the scalar field ϕ and the
gauge vector field Bµ are geometrical because they form
part of the affine structure of the space-time manifold.
In the Riemann frame the scalar field φ(x) and the
vector field Aµ are physical quantities. Notice that when
we pass to the Riemann frame the field ϕ is renamed as
φ(x) just to emphasize that is the physical and not the
geometrical scalar field. The same consideration is for
the vector field: Bα → Aα.
The action (6) written in the Riemann frame has the
form
S =
∫
d4x
√
−h
[
R
16πG
+
1
2
ω(φ)hαβDαφDβφ− V (φ)
−1
4
FαβF
αβ
]
, (10)
where Dµ = ∇µ+γAµ with the operator∇λ denoting the
Riemannian covariant derivative and Fµν = Aν,µ −Aµ,ν .
The last term in the action (10) is invariant under the
field transformation
⌣
Aµ = Aµ − γ−1σ,µ, (11)
where σ = σ(xα). It suggests that Aµ can play the
role of an electromagnetic potential. It is important to
remember that the last term in (10) comes from the
last term in (6), which was introduced when the Weyl
3invariance of the action (6) was imposed.
Now, to ensure the invariance under (11) of the com-
plete action (10), the next internal symmetries must be
valid
⌣
φ = φeσ, (12)
⌣
ω(
⌣
φ) ≡ e−2σω(e−σ
⌣
φ) = ω(φ) (13)
⌣
V (
⌣
φ) ≡ V (e−σ
⌣
φ) = V (φ). (14)
If we interpret Aµ as the electromagnetic potential, the
action (10) can be extended by adding a source term for
Aµ in the form
S =
∫
d4x
√
−h
[
R
16πG
+
1
2
ω(φ)hαβDαφDβφ− V (φ)
−1
4
FαβF
αβ − JαAα
]
, (15)
where Jµ is a conserved current density. Thus, straith-
forward calculations show that the action (15) leads to
the field equations
Gµν = −8πG
[
ω(φ)DµφDνφ− 1
2
hµν
(
ω(φ)hαβDαφDβφ
−2V (φ))− τ (em)µν
]
(16)
ω(φ)φ+
1
2
ω′(φ)hµνDµφDνφ− γω′(φ)AµφDµφ
+γω(φ)∇µAµ − γ2ω(φ)AµAµφ+ V ′(φ) = 0, (17)
∇µFµν = Jν − γω(φ)hµνφDµφ, (18)
where  = hµν∇µ∇ν denotes the usual D’Alambertian
operator, τ
(em)
µν = T
(em)
µν − hµνJαAα, with
T
(em)
µν = FνβFµ
β − 14hµνFαβFαβ being the energy-
momentum tensor for a free electromagnetic field. With
the idea to study cosmological applications to this
formalism in the next section we show the manner to
introduce external sources of matter in the formalism.
III. THE FIELD EQUATIONS IN PRESENCE
OF MATTER
As it was shown in [29], a Weyl invariant action for
matter sources can be written as
Sm =
∫
d4x
√−g e−2ϕLm
(
e−ϕgµν ,Ψ,
(w)∇Ψ
)
, (19)
with Ψ denoting some matter field and Lm represent-
ing the matter lagrangian which is constructed tak-
ing into account the prescription Lm(g, ϕ,Ψ,
(w)∇Ψ) ≡
L
(sr)
m (e−ϕg,Ψ,(w)∇Ψ), where L(sr)m stands for the la-
grangian of Ψ in the Minkowski space-time. Hence , the
energy-momentum tensor Tµν(ϕ, g,Ψ,
(w)∇Ψ) for matter
sources in an arbitrary Weyl frame (M, g, ϕ) is deter-
mined by
δ
∫
d4x
√−ge−2ϕLm(ϕ, gµν ,Ψ,(w)∇Ψ) =∫
d4x
√−ge−2ϕTµν(ϕ, gµν ,Ψ,(w)∇Ψ)δ(eϕgµν), (20)
where δ denotes the variation with respect to both gµν
and ϕ. Therefore, the field equations in the Riemann
frame in presence of matter sources read
Gµν = −8πGTµν − 8πG [ω(φ)DµφDνφ−
1
2
hµν
(
ω(φ)hαβDαφDβφ− 2V (φ)
)− τ (em)µν
]
(21)
ω(φ)φ +
1
2
ω′(φ)hµνDµφDνφ− γω′(φ)AµφDµφ+
γω(φ)∇µAµ − γ2ω(φ)AµAµφ+ V ′(φ) = 0, (22)
∇µFµν = Jν − γω(φ)hµνφDµφ. (23)
It is important to note here that the Weyl scalar field
couples to matter. This geometrical coupling motivates
the idea that dark matter and dark energy may interact
each other in this framework. In the next section we will
propose a model for a cosmological viscous dark fluid
which can be described by the scalar field φ.
IV. A VISCOUS DARK FLUID MODEL
Now we are interested in formulate a cosmological
model for the present accelerating expansion epoch, with
a viscous dark fluid in the formalism previously ex-
plained. The main idea is to model the viscous fluid
with the scalar field φ of geometrical origin. To imple-
ment the cosmological principle we use the gauge election
in the equation (11) : σ,µ = γAµ. Clearly, under this
choice
⌣
Aµ = 0 and thus the electromagnetic part obeys
⌣
F µν = 0. Hence, the action (15) reduces in this gauge to
S =
∫
d4x
√
−h
[
R
16πG
+
1
2
ω(φ)hµνφ,µφ,ν − V (φ)
]
.
(24)
The field equations derived from this action are
Gµν = 8πG
[
ω(φ)φ,µφ,ν − 1
2
hµν
(
ω(φ)hαβφ,αφ,β)
−2V (φ))] , (25)
ω(φ)φ +
1
2
ω′(φ)hµνφ,µφ,ν + V
′(φ) = 0, (26)
where the prime denotes derivative with respect φ. Now,
considering small deviations of the kinetic term from the
canonical kinetic energy in the action (24), we can assume
that ω(φ) has the form
ω(φ) = 1 + ǫζ(φ), (27)
4with ǫ ≪ 1 being a dimensionless parameter. Thus, the
field equations (25) and (26) become
Gµν = 8πG
[
φ,µφ,ν − 1
2
hµν(φ,αφ
,α − 2V (φ))+
ǫζ(φ)φ,µφ,ν − ǫ
2
hµνζ(φ)φ,αφ
,α
]
, (28)
φ+ V ′(φ) + ǫ
[
ζ(φ)φ +
1
2
ζ′(φ)hµνφ,µφ,ν
]
= 0.
(29)
On the other hand, the energy-momentum tensor for a
perfect fluid with scalar viscosity is given by
T (df)µν = (ρdf +pdf)UµUν−pdfhµν +η∇σUσ(hµν −UµUν),
(30)
where η is the scalar viscosity coefficient, ρdf and pdf
are the energy density and pressure for the dark fluid,
respectively. The 4-velocity field of the fluid Uλ is here
given for the family of comoving cosmological observers
Uµ = δµ0 , with magnitude U
αUα = 1.
Now, in order to construct a dark fluid model where
the viscosity is described by the non-canonical part of the
scalar field, we consider the energy momentum tensor for
the scalar field that appears in (28), which is given by
T (φ)µν = φ,µφ,ν −
1
2
hµν (φ,αφ
,α − 2V (φ)) + ǫζ(φ)φ,µφ,ν
− ǫ
2
hµνζ(φ)φ,αφ
,α. (31)
Thus, comparing the expression (30) with (31) we arrive
to the system
(ρdf + pdf )UµUν − pdfhµν = φ,µφ,ν −
1
2
hµν [φ
,αφ,α − 2V (φ)] , (32)
η∇σUσ(hµν − UµUν) = ǫζφ
(
φ,µφ,ν − 1
2
hµνφ
,αφ,α
)
.
(33)
The trace of equation (33) results in
ζ(φ) = −3η∇λU
λ
ǫφ,αφ,α
. (34)
Considering the metric in the 3D-spatially flat FRW line
element
ds2 = dt2 − a2(t) (dx2 + dy2 + dz2) , (35)
where a(t) is the cosmic scale factor and t is the cosmic
time, the equation (34) for an homogeneous and isotropic
field φ becomes
ζ(φ) = −9ηH(φ)
ǫφ˙2
, (36)
with H = a˙/a being the Hubble parameter. Now, with
the help of (28), (31), (32), (33) and (35) we arrive to
the Friedmann equations
3H2 = 8πGρdf , (37)
H˙ +H2 = −4πG
3
(ρdf + 3pdf − 9ηH) . (38)
Similarly, the equation for the scalar field (29) in the
FRW metric (35) acquires the form
φ¨+ 3Hφ˙+ V ′(φ) + ǫ
[
ζ(φ)
(
φ¨+ 3Hφ˙
)
+
1
2
ζ′(φ)φ˙2
]
= 0.
(39)
The equations (38) and (39) with the help of (30) yield
ρ˙df + 3H (ρdf + pdf − 3ηH) = 0. (40)
Assuming a dark fluid characterized by an equation of
state
pdf = ωdf(ρdf )ρdf . (41)
Inspired in the equation (38), we assume a form for the
scalar viscosity given by
η(H, H˙) = αH + β
H˙
H
= (α− β)H − βqH, (42)
where α and β are parameters to be determined and the
deceleration parameter is q = −aa¨/a˙2. Using (37), (41)
and (42) in (40) we obtain
ρ˙df+3H(1+ωdf)ρdf−24πG
(
αH + β
H˙
H
)
ρdf = 0. (43)
This equation determines the dynamics of the energy
density associated to the dark fluid, which depends of
its internal composition. We are now in position to look
for solutions of (43) for different forms of the equation of
state (EOS) parameters ωdf (ρef ).
A. The case of constant dark energy EOS
parameter
The simplest case we study is when ωde = ω
(0)
de is a
constant. In this particular situation the equation (43)
reads
ρ˙df+3H(1+ω
(0)
df )ρdf−24πG
(
αH + β
H˙
H
)
ρdf = 0. (44)
Solving (44) we obtain
ρdf = ρ
(0)
df
(a0
a
)n1 ( H
H0
)n2
, (45)
where n1 = 3(1 + ω
(0)
df )− 24πGα and n2 = 24πGβ, with
a0 = a(t0) and H0 = H(t = 0) are the scale factor and
5the Hubble parameter evaluated in the present time t0.
Thus if follows from (37) and (45) that the scale factor
has the form
a(t) =
[
a
n1
2−n2
0 +
n1λ
2− n2 (t− t0)
] 2−n2
n1
, (46)
where n1 = 3(1+ω
(0)
df )−24πGα, n2 = 24πGβ, a0 = a(t0)
and
λ =
(
8πGan10
3Hn20
ρ
(0)
df
) 1
2−n2
. (47)
The equation (46) gives the scale factor corresponding
to the whole dark fluid. However, we have assumed that
the fluid has two dark components: dark energy and dark
matter. If we consider that these two componentes inter-
act each other the equation (43) leads to the system
ρ˙de + 3H(ρde + ωde(ρde)ρde)− 24πGηρde = −Q,
(48)
ρ˙m + 3Hρm − 24πGηρm = Q, (49)
where Q is the interaction function, ρde denotes the dark
energy density and ρm is the dark matter energy density.
If we consider that ρm(t) = r(t)ρde(t) the system (48)
and (49) becomes
ρ˙de +
[
3H
(
1 +
ωde(ρde)
1 + r
)
+
r˙
1 + r
− 24πGη
]
ρde = 0.
(50)
With these considerations the EOS parameter can be
written as
ωdf =
ωde(ρde)
1 + r
. (51)
Hence, the Friedmann equation (37) reads
H2 =
8πG(1 + r)
3
ρde. (52)
Solving (50) for ωde = ω
(0)
de and r = r0 both constants,
we obtain
ρde = ρ
(0)
de
(a0
a
)n3 ( H
H0
)n2
, (53)
where we have used (42) and
n3 = 3
(
1 +
ω
(0)
de
1 + r
)
− 24πGα. (54)
Now, inserting (53) in (52) we obtain for the scale factor
a(t) =
(
a
n3
2−n2
0 +
n3γ
2− n2 (t− t0)
) 2−n2
n3
, (55)
where
γ =
(
8πG
3Hn20
(1 + r)ρ
(0)
de a
n3
0
) 1
2−n2
. (56)
Notice that this scale factor has the same form than (46).
This is because the both describe the expansion of the
universe in the present time of accelerated expansion.
The equation (46) takes into account the whole dark
without regarding an interaction between the two dark
sectors, whereas the equation (55) considers mainly in-
formation of the dark energy sector in a self-interacting
viscous dark fluid.
On the other hand, it follows from (32) that the pres-
sure and energy dentiy of dark fluid satisfy
pdf = ωdeρde =
1
2
φ˙2 − V (φ), (57)
ρdf = ρm + ρde = (1 + r)ρde =
1
2
φ˙2 + V (φ). (58)
Therefore the scalar field φ and the potential V obey
respectively
φ˙2 = (1 + r + ωde)ρde, (59)
V =
1
2
(1 + r − ωde)ρde. (60)
With the help of (53) and (55) the equation (59) has for
solution
φ(t) = φ0 + p0 ln [1 + µ0(t− t0)] , (61)
where
p0 = a
n3/2
0
(
2− n2
n3γ
)(
γ
H0
)n2/2 √
(1 + r + ωde)ρ
(0)
de ,
(62)
µ0 =
n3γ
2− n2 a
−
n3
2−n2
0 . (63)
Using (61) and (60) we obtain
V (φ) = V0c exp
[
− 2
p0
(φ− φ0)
]
, (64)
where
V0c =
1
2
(1 + r − ωde)ρ(0)de a
−
n2n3
2−n2
0
(
γ
H0
)n2
. (65)
Now, employing (55) the present deceleration parameter
q0 = −(1 + H˙0/H20 ) reads
q0 = −
(
1− n3
2− n2
)
. (66)
According to the Planck 2018 results q0 = −0.5581+0.0273−0.0267
[38]. It follows from (66) that
α =
1
8πG
(
1 +
ω
(0)
de
1 + r
)
− 1
12πG
(1+q0)(1−12πGβ), (67)
where we have used the definitions of n2 and n3.
Thus, if the condition (67) holds, then the model is in
6agreement with observations for the present values of
the deceleration parameter.
With the help of (36), (55) and (61) we arrive to
ζ(φ) = − 9ηγ
ǫp20µ
2
0
exp
(
2
p0
(φ − φ0)
)
a
n3
2−n2
0 +
n3γ
(2−n2)µ0
[
exp
(
1
p0
(φ− φ0)
)
− 1
] .
(68)
This expression corresponds to
ω(φ) = 1− 9ηγ
p20µ
2
0
exp
(
2
p0
(φ − φ0)
)
a
n3
2−n2
0 +
n3γ
(2−n2)µ0
[
exp
(
1
p0
(φ− φ0)
)
− 1
] .
(69)
In this manner, a deviation from the canonical kinetic
energy of the scalar field φ given by (68) allows to de-
scribe a dark fluid with constant EOS parameter from a
single scalar field.
B. The case of a thermodynamical dark energy
EOS parameter.
As it was done in [39, 40], we consider a thermody-
namical EOS parameter of the form
ωde(ρde) = Aρ
n−1
de − 1, (70)
where n > 1. Using (70) the equation (50) yields
ρ˙de +
[
3H
(
1− 1
1 + r
)
+
r˙
1 + r
− 24πGη
]
ρde
+
3AH
1 + r
ρnde = 0. (71)
This equation can be written as
Z˙de + (1− n)
[
3H
(
1− 1
1 + r
)
+
r˙
1 + r
− 24πGη
]
Zde
= − 3AH
1 + r
, (72)
where Zde = ρ
−(n−1)
de . Solving (72) we obtain
Zde(t) = 3A(n− 1)a
(n−1)(3−24πGα)
H24πGβ(n−1)
(1 + r)n−1 ×
exp
(
−3(n− 1)
∫ t
ti
dt
H
1 + r
)[∫ t
ti
dt(1 + r)−n×
a−(n−1)(3−24πGα)H24πGβ(n−1)+1 ×
exp
(
3(n− 1)
∫ t
ti
dt
H
1 + r
)]
, (73)
where ti is the time when the accelerated expansion
started. Hence, the density of dark energy reads
ρde(t) =
[3A(n− 1)]− 1n−1
1 + r
Hn2
a3−24πGα
×
exp
(
3
∫ t
ti
dt
H
1 + r
)[∫ t
ti
(1 + r)−n×
a−(n−1)(3−24πGα)H1+n2(n−1) ×
exp
(
3(n− 1)
∫ t
ti
dt
H
1 + r
)]− 1
n−1
. (74)
However, according to obervational data the present val-
ues of the densities of dark energy and dark matter obey
ρde0/ρdm0 ∼ O(1). The question about “why now” con-
stitutes the cosmological coincidence problem. More-
over, it follows from the standard model that the equality
ρde = ρdm took place “recently”, at a redshift z ≈ 0.55
[37]. Thus we can assume a slowly enough time variation
of the r parameter as to be practically considered as con-
stant. In this manner, for constant r the expression (73)
becomes
Zde(t) =
3A(n− 1)
1 + r
anA
Hn2
∫ t
ti
dt a−nAH1+nB , (75)
where nB = n2(n − 1) and nA = (n − 1)[3(1 − 1/(1 +
r)) − 24πGα]. Considering β ≪ 1 in the viscosity (42),
the equation (75) leads to
ρde(a) = ρ
(0)
de
[(
a
ai
)nA
− 1
]− 1
n−1
, (76)
where ρ
(0)
de = [3A(n− 1)/(nA(1 + r))]−1/(n−1). With the
help of (76) the equation (52) for a > ai gives a scale
factor of the form
a(t) = ai
[
1 +
nA
2(n− 1)
√
8πG
3
(1 + r)ρ
(0)
de (t− ti)
] 2(n−1)
nA
= ai [1 + λ0(t− ti)]
2(n−1)
nA . (77)
It is not difficult to see that when λ0(t− ti)≫ 1 the dark
energy density as time function reads
ρde(t) =
ρ
(0)
de
λ20
1
(t− ti)2 , (78)
where λ0 = [nA/2(n − 1)]
√
(8πG(1 + r)ρ
(0)
de )/3. Now,
according to (59) and (70) we arrive to
φ˙ =
√
rρde +Aρnde. (79)
For t ≫ ti the substitution of (78) in (79) results in the
expression
φ˙ =
√
rρ
(0)
de λ
−2
0
t
√
1 +
A
r
(ρ
(0)
de )
n−1λ2−2n0
1
t2(n−1)
. (80)
7For n large enough we can use the approximation formula
(1 + x)n ≃ 1 + nx in (80) and its solution is given by
φ(t) = φi +
√
rρ
(0)
de λ
−2
0 ln
(
t
ti
)
. (81)
The potential resulting from (59) and (70) reads
V =
1
2
[(2 + r)ρde −Aρnde] . (82)
By means of (78) the potential (82) can be written as
V (t) =
1
2
[
(2 + r)ρ
(0)
de λ
−2
0
(t− ti)2 −
A(ρ
(0)
de )
nλ−2n0
(t− ti)2n
]
. (83)
Thus for t≫ ti the potential V as function of the field φ
is given by
V (φ) =
(2 + r)ρ
(0)
de
2λ20t
2
i
exp

− 2λ0√
rρ
(0)
de
(φ− φi)

−
A(ρ
(0)
de )
n
2λ2n0 t
2n
i
exp

− 2nλ0√
ρ
(0)
de
(φ− φi)

 . (84)
On the other hand, the deceleration parameter corre-
sponding to (77) is given by
q0 = −
(
1− nA
2(n− 1)
)
. (85)
By means of the definition of nA the expression (85) re-
duces to
α =
1
8πG
(
1− 1
1 + r
)
− 1
12πG
(1 + q0). (86)
Thus for α given by (86) the deceleration parameter in
this model is in agreement with Planck 2018 results. Fi-
nally using (36), (77) and (81) we obtain
ζ(φ) = −ζ0


exp
(
2λ0√
rρ
(0)
de
(φ− φi)
)
1 + tiλ0
(
exp
(
λ0√
rρ
(0)
de
(φ− φi)
)
− 1
)

 ,
(87)
where
ζ0 =
18η(n− 1)λ30t2i
ǫrρ
(0)
de nA
. (88)
Therefore
ω(φ) = 1−ǫζ0


exp
(
2λ0√
rρ
(0)
de
(φ− φi)
)
1 + tiλ0
(
exp
(
λ0√
rρ
(0)
de
(φ− φi)
)
− 1
)

 .
(89)
Thus, an interacting dark fluid scenario with a thermo-
dynamical dark energy EOS parameter can be derived
from a geometrical scalar-tensor theory of gravtity when
we use (89) in the action (24).
V. FINAL REMARKS
In this letter we have investigated the possibility that
viscous cosmological dark fluid models can be described
in a unified manner by a single scalar field, in the
context of an invariant geometrical scalar-tensor theory
of gravity. In this new version of scalar-tensor theories
the main feature is that both the metric tensor and the
scalar field have geometrical origin, in virtue that they
appear in the affine conection of the background geome-
try, which in this case results to be the Weyl-Integrable
one. As it is shown in the action (24) in the Riemann
frame the scalar field has a non-canonical kinetic energy.
When ω(φ) = 1 the kinetic energy is canonical.
We found that for the cases of constant and the-
modynamic equation of state parameters the unified
description is possible. According to the expressions
(27), (32) and (33) the scalar viscosity of the fluid
appears when the kinetic energy of the scalar field
deviates from the canonicity. Thus a viscous dark
fluid with a constant EOS parameter can be described
by a non-canonicity parameter given by (69) and a
scalar potential (64). In the case of the thermodynamic
EOS parameter (70), the scalar description of the
fluid is determined by the expressions (89) and (84).
Something interesting is that the thermodynamical case
reduces to the constant EOS when ρde = 1/(A − ω(0)de ).
In particular the Λ-CDM model is recovered when
A = 8π/(ΛM2p )− ω(0)de .
As it is known, in different alternative theories of grav-
ity like for example F (R) theories, dark energy viscous
models can be described. Moreover, scenarios of unifica-
tion of the present accelerated expansion period with the
early-time inflationary epoch were also studied [15, 41].
In our case, as it was shown in [32, 33], in the context of
geometrical scalar tensor theories some inflationary sce-
narios including Higgs inflation can be modeled by means
of the same scalar field formalism we use in here. In this
manner, the fact to unify by a scalar field a viscous dark
fluid opens the possibility to unify the present period of
accelerated expansion with Higgs inflation, in the context
of geometrical invariant scalar-tensor theories of gravity.
It is important to emphasize that these theories are free
of the frames controversy we mention in the introduction.
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